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where y. is the propagation constant for the free guide.

Eq. (25) may be simplified to

[

1 – (j7.~2e-’/’)/(’Yo – 78)
R=Ro

1 + (j78~2e-’/’)/(70 + 7$)1 (27)

where R. is the reflection coefficient before modulation.

The first-order approximation of R is

R = Ro[l – (2jYo7,a2e–~lT) /(702 – 7$(2)]. (28)

Evidently then the information relating to lifetime

may also be obtained by observing the reflected signal

onIy.7 It should, however, be noted that due to the in-

creased carrier density both the magnitude and phase

of reflection is changed. Hence, the change in the mag-

nitude of the reflected signal will have the wave shape

of the modulation only if it is observed alone. If the

detected signal is due to the combination of both the

incident and reflected signal, the wave shape may be

very different.

On the other hand, if the transmitted signal is ob-

served by locating a probe inside the semiccmductor or

7 S. Deb and B. R. Nag, “Measurement of lifetime of carriers in
semiconductors through microwave reflection, ” ~. Appl. Phys., vol.
33, p. 1604; April, 1962.

by a matched detector, the observations made in the

previous section are mostly applicable, only the am pli-

tude is multiplied by the factor T. The effect of the

change in carrier density on the value of T’ may be con-

sidered to be small. It will be more so in the logarithmic

display, as suggested earlier.

CONCLUSION

Expressions have been obtained

fields propagating in a waveguide

for electromagnetic

filled with a semi-

conductor with carrier density varying ‘with time. It

has been shown that due to the variation of carrier

density both the amplitude and phase modulation oc-

cur. The phase modulation reproduces the wave shape

correctly. The wave shape of amplitude modulation is

correct only for small attenuation. However, the loga-

rithm of the amplitude reproduces the wave shape cor-

rectIy even for Iarger attenuation.

It has also been shown that the reflected signal from a

semiconductor surface may be used to measure the life-

time. The effect of reflection on the wave shape of the

transmitted signal is also found to be small.
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On the Resonant ● Cavity Method for

Measurement of Varactors*

FRANK KEYWELL~

Summary-An extension of Houldlng’s method for measurement

of varactor quality has been developed by using a swept-bias voltage
instead of a discrete step in bias. The method can be used to measure
the cutoff frequency of high-Q varactors if the law of capacitance
variation is known. In this case, it is not necessary to measure
capacity or reactance since cutoff frequency is shown to be deter-

mined by reflected power on a microwave-reflectorneter system.

The Sweep-Voltage Method places emphasis on the measurement

of reflected power and a test bench is described for application of
the method.

The series resistance of high-voltage epitaxial varactors is shown,
by calculation and experimental data, to be a function of bias. Thfs
is due to space-charge layer widening which causes the epitaxial
base layer to vary in length. For this reason it is advantageous to
compare Klgh-voltage epitaxial varactors by sweeping the bias over a

* Received May 2, 1962; revised manuscript received July 11,
1962.

~ Semiconductor Devices Inc., Newport Beach, Calif.

broad range of the diode characteristics. Data is given for typical
per cent of reflected microwave power E for 6.5-, 1$, and 100-v
varactors where the varactor is matched to the line at2.00-, !5.00-

and 15.O-V bias and a sine wave at 100 kc with amplitude 4.00, 10.0
or 30.0 v is superimposed on the bias. The measurements are inde-
pendent of the power incident on the varactor to a level of 70(1 ~w.

1. INTRODUCTION

T
HE QUALITY of a microwave varactor diode is

related to the losses in and near the @ junction

which provides the voltage-variable reactance.

These losses are accepted to be equivalent to a constant

resistance R, in series with a voltage-variable capaci-

tance. A method for measurement of R,. has been de-

scribed by Houldingl wherein the varactor is in a

1 N. Houlding, “Measurement of varactor quality, ” 2% Micro-
zuavel., p. 40; January, 1960.
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matched resonant cavity and the VSWR due to a step

in varactor bias provides a measure of R,. This paper

will describe an extension of the resonant-cavity method

wherein a sweeping bias is applied to the varactor in-

stead of a single step in bias.

The present method for measuring R, will be termed

the Sweep-Voltage Method (SVM) as compared with

the Single-Point Method (SPM) originally described by

Houlding. It will be assumed the reader is familiar with

the Single-Point Method and the advantages of making

the measurements with a resonant system. In particu-

lar, Houlding described a technique for using the SPM

without making capacitance measurements if the law of

capacitance variation of the varactor is known. The

Sweep-Voltage Method is basically an extension of this

technique. The varactor is placed in a cavity and

matched at a suitable bias point to incident microwave

power; then a known periodic sweeping voltage at low

frequency is applied to it to produce a measurable re-

flected wave. The magnitude of the average reflected

power is a direct measure of varactor cutoff frequency

provided the law of capacitance variation is known. The

SVM has the following advantages:

1)

2)

3)

4)

5)

CW power is measured rather than VSWR.

Capacitance or reactance measurements are not

required.

It is rapid and reliable.

The measurement can be made at power level to

the order of 1 mw.

Comparison can be made of the average cutoff

frequency of high-voltage epitaxial vara~tors.

Characteristics 1) to 5) are also common with the SPM

when the law of capacitance variation is known; 4) and

5), however, are properties where the SVM provides an

improvement in the technique of measurement.

The SVM, as applied to varactors for parametric

amplifiers, has the disadvantage mentioned above of

requiring knowledge of the law of capacitance variation.

The difficulty is overcome by the knowledge that, for

high-Q diffused silicon mesa varactors, the familiar in-

verse cube-root law of capacitance variation is closely

satisfied with a built-in potential of 0.6 v. On the other

hand, high-voltage epitaxial varactors do not have a

fixed R., as will be discussed in Section II, hence a de-

fined measurement of their cutoff frequency by the

SVM is not meaningful. Nevertheless, the SVM pro-

vides a useful means for determining the average reject-

ion due to a given varactor under a jixed set of condi-

tions, consequently an accurate comparison of high-

voltage epitaxial varactors may be made by this tech-

nique.

The SVM has applications therefore to both high-Q

varactors for parametric amplifiers and high-voltage

epitaxial varactors. The manner of application has a

wide variety of possibilities since the waveform and bias

applied to the varactor are arbitrary. The present paper

will describe measurements made with application of a

sine wave of peak-to-peak amplitude of twice the bias

voltage. Furthermore, the measurements were made

specifically on diffused silicon mesa varactors, namely

high-Q and high-voltage epitaxial varactors (H IVEV).

This encompasses a large class of varactors which have

provided outstanding performance in Parametric Am-

plifiers and Harmonic Generators.z A discussion of the

characteristics of HIVEV will be presented in relation

to the application of the SVM to their measurement.

II. MEASUREMENT BY THE SWEEP-VOLTAGE METHOD

A. Theory of Measurement

The measurement of varactor series resistance is re-

lated to reactance and Q through the relation Q= XJR8.

There are advantages in beginning with the differential

relation AQ =AXJR8 which is most readily applied to

the resonant method. The series resistance must be

measured at microwave frequency to include dielectric

losses in the P-n j unction in addition to the ohmic losses

adjacent to the junction. The reactance change due to

the controlled bias voltage applied to the varactor is

readily determined from capacitance measurements

made on a low-frequency bridge. Consequently, the

measurement of R, by Houlding’s resonant method is

essentially the determination of AQ at microwave fre-

quency. This statement is equivalent to the following:

the measurement of R, by Houlding’s resonant method

is essentially the measure of reflected power of a signal

at fixed frequency from a tuned resonant cavity due to

controlled bias voltage applied to a varactor in the

cavity. We are thus led to conclude that rejZected power,

with all bias conditions held jixed, is a fundamental vari-

able in evaluating or comparing the quality of varac-

tors. Reflected power, on the other hand, should not be

construed to replace cutoff frequency as a figure of

merit.

The basic nature of reflected power in the measure-

ment of R, is emphasized by noting that its measure-

ment is necessary in all variations of the method de-

scribed by Houlding. Reactance measurements, on the

other hand, were capable of substitution by controlled

bias voltage if the law of capacitance variation was

known. Continuing with this emphasis on reflected

power, we will presently consider the method for meas-

uring R. by means of a sweeping voltage applied to the

varactor; the average reflected power due to this

sweeping voltage is a direct measure of at least one fac-

tor related to quality of the varactor.

One might be inclined to question the advantage of

applying a swept bias to the varactor since the method

appears to be merely a variation of the SPM. It devel-

2 R. D. Weglein and F. KeyWell, “A low noise X-band para-
metric ampbfier using a silicon mesa diode, ” IRE TRANS. ON MICRO-
WAVE THEORY AND TECHNIQUES, vol. i?ITT-9, pp. 39–43; January,
1961. \
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ops in practice however that, in addition to its con-

venience, a swept bias will provide a reliable compari-

son of the quality of high-voltage epitaxial varactors

under conditions where the SPM gives ambiguous re-

sults due to the variation in R, with bias voltage. The

SVM derives an advantage from the principle that an

average reflection due to the bias voltage being swept

over a wide range provides the most reliable compari-

son of the average reactive variation. due to applied bias

in relation to average losses.

The principles of application of the SVM are a

straightforward extension of the resonant method. Con-

sider a varactor with a capacitance-voltage dependence

of the form shown in Fig. 1. When the varactor is re-

verse-biased to a mean value of voltage VB and a sinus-

oidal voltage VB sin 2mj,t is superirnposed on VB, there

will be a variation in capacitance with time of the form

indicated in Fig. 1. The sweeping frequent y j, can be

chosen at a suitable low frequency. The capacitive re-

actance of the varactor at microwave frequency will be

X.(t)= l/2mfnC(t) and its variation with time will also be

of the form indicated in Fig. 1. Now, if the varactor is

mounted in a cavity and matched at VB to microwave

energy at frequency fm while its bias voltage is swept

with VB sin 2rf,t, there will be a periodic mismatch of

the resonant cavity to the incident microwave energy.

The energy reflected from the cavity due to this mis-

match is directly related to the quality of the varactor

due to the dependence of VSWR on the ratio AXJR,.l

In the special case of high-Q silicon mesa varactors

for Parametric Amplifiers (breakdown voltage~6.5 v),

the series resistance is effectively constant. This results

from the @-n junction for this type of varactor having

been formed in Iow-resistivity silicon, hence its width

does not vary appreciably with application of bias volt-

age. Additionally, the law of capacitance variation fol-

lows the familiar inverse cube-root law with built-in

potential of 0.6 v for representative high quality varac-

tors. Assuming the varactor equivalent to a constant

resistance R, in series with a voltage-variable ca paci-

tance of the form C(V) = CO(I + V/@)–1/3, consider the

varactor biased at VB and matched to a waveguide for

a CW microwave at known power and frequency. Appli-

cation of a sinusoidal voltage v = VB sin 2rf,t will result

in a capacity variation of the form

co
c=

(

VB(l + sin 27rfJ) ‘/’ “
1+

0.6 )

This variation in capacitance will result in calculable

reactance mismatch at every instant of time over a

complete cycle, hence a wave of instantaneous power

reflected as a function of 0 = 2rf.t can be calculated for

any assumed value of R,. The calculated average power

reflected, ~, is obtained from the relation by numerical

integration of the R vs O curve. In order to calculate a

Fig. I—Capacitance and reactance VS swept-bias voltage.

C. C./( l- V/0,611’3 V.i?(i+si. el

f,=57 KMC
f =9030 MC

%=41,3%

Fig. 2—Per cent reflected power vs phase (o= 2m~,f).

calibration curve of 1? vs jc, initially choose a set of

values for R,, C(0), andjc = l/27rR, C(0). Next, with equal

increments in 0 over zero to 2m, calculate the following

values in tabular form:

0, v = VII(1 + sin 0), C(V) = C(0)/(1 + V/0.6)1’8,

xc(v) = l/27rjmc(zJ) ;

AX., AX,/R,, VSWR and R. AX, is considered rela-

tive to a matched condition at VB. VSWR is read by

striking a radius on a Smith Chart from A_ XT./R.on the

Unit Circle to the VSWR line on the chart. A typical

curve of R vs 9 for a 57 kMc varactor is :Shown in Fig. 2

where the reflected power is R in per cent of incident

power.



570 IRE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES November

The reflected power R is independent of zero bias ca-

pacity for varactors with the same cutoff frequency.

This important property is apparent from the following

considerations: If the capacity is increased by k, then

X. and AX. are similarly decreased by the factor k. The

series resistance R, is also decreased by k since cutoff

frequency is constant. Therefore, AXJR. is constant

and the curve of R vs 8 is independent of capacitance at

zero bias but it is uniquely determined by the cutoff

frequency at zero bias.

In practice, we can now apply Houlding’s Resonant

Method in the following manner:

1)

2)

3)

Tune out the varactor with 2.00-v reverse bias

and an X-band signal of known power and fre-

quency incident on the diode.

Superimpose on the bias voltage a 4.00-v peak-to-

peak sinusoidal signal at low frequency and meas-

ure the average per cent reflected power ~.

Read the varactor cutoff frequency from a curve

of R Vs f..

not necessary to measure capacitance or reactanceIt is

change since ~ is directly related to f,, independent

of capacitance. R, can be calculated, if required, by

means of a capacitance measurement and the relation

R8 = l/2mfJO) C(0).

B. Experimental

The test bench, Fig. 3, was set up with a signal gen-

erator at 9630-Mc and 200-Pw available power into a

matched load (see Appendix). The signal passed through

a 3-db directional coupler and a slotted line followed by

a waveguide short before it reached the “cavity” con-

sisting of an E-H tuner and diode mount with a sliding

short. Tuning of the cavity was accomplished by ob-

serving the reflected wave with the spectrum analyzer.

The varactor was biased at 2.00-v reverse and matched

to the line by using the E-H tuner and sliding short to

minimize the reflected wave. A 4.00-v peak-to-peak sig-

nal at 100 kc was then applied to the varactor and the

reflected energy was switched to the power meter. Cal-

culations of average per cent reflected power ~ for a

frequency of 9630 Mc, give the relation between R and

fc(0) as

f.(0) = 1.33 ~ + 4 [kikfc]

25 per cent < A < 60 per cent

to accuracy of 1.5 per cent over the range of ~.

The error due to small random deviation of the built-

in potential from 0.6 v is not great as shown by a calcu-

lation of ~ for a 57-kMc varactor with @ = 0.6 or 0.5 v.

The increase in ~ due to change in ~ from 0.6 to 0.5 v

was from 41.3 per cent to 44.5 per cent. Table I shows

a comparison of f, determined by the SVM and the

SPM for some typical varactors produced by Semi-

conductor Devices Incorporated. There is good agree-

ment between the two methods over a considerable

range of capacitance.

7
BIAS&
SWEEP
SUPPLY

Fig. 3—Test bench.

TABLE I

COMPARISON BETWEEN CUTOFF FREQUENCY MEASURED BY
SVM ANDSPM -FORHIGH-Q VARACTORS

Diode
Capacitance

No.
@ z~:fbias

SD-11-5A 0.360
SD-11-5B 0.562
SD-11-7C 0.892
SD-11-4D 1.783

(%
40
40
50
34

Cutoff frequency at zero bias. 6.5-v breakdown varactors.
* 2.00-v bias—4.00-v peak-to-peak sine wave per 100 kc.
t Match at zero bias—l-v reverse bias for reactance change.

V8S1N
(Zmf, t) [

001Jif 2LX3K

~’~.--

mh

I 1 1

.

Fig. 4—Low-frequency sweep circuit.

A few remarks on the sweep arrangement and its use

may be in order. The circuit was arranged as shown in

Fig. 4. Amplitude of the sweep voltage was adjusted to

equal the bias voltage and the sweep frequency was

arbitrarily chosen to be 100 kc. The varactor was ini-

tially tuned with the input capacitor grounded and the

bias set at VB then the signal was switched onto the

varactor to produce a reflected wave. The reflected

power has been observed independent of frequency

from 60–106 CPS. The connections between the signal

generator, the bias supply and the waveguide-detector

mount were made by means of a small chassis which

connected the components by standard fittings (BNC

connectors, two-prong banana jacks, etc.).
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C. High- Voltage Epitaxial Varactors, HIVE V

The present method SVM cannot be used to measure

the cutoff frequency of high-voltage epitaxial varactors.

This limitation is mainly a result of the dependence of

series resistance on bias voltage. HIVEV are made by

diffusion of impurities into a high-resistivity layer, the

epitaxial layer, on a low-resistivity substrate wafer.

The p-n junction formed in the epitaxial layer will have

high breakdown voltage because of’ the increase in this

parameter with increasing resistivity. The ohmic losses

external to the P-n junction are a sum of the losses due

to constriction resistance at the base of the mesa and

ohmic resistance in the epitaxial material along the

mesa. The variable capacitance of HIVEV is bought by

varying the width of a space-charge region near the

junction, hence the thickness of the epitaxial base layer

varies with applied bias. This variation in[ the length

of epitaxial base material along the mesa is of sufficient

magnitude to cause a large variation in series resistance

when voltage is applied to the P-n junction.

The effect of space-charge layer widening on R. can

be described in semiquantitative terms. Consider a p-n

junction with 1OO-V breakdown formed at a depth of 11

microns in an epitaxial layer of 6-ohm-cm silicon 0.6 mil

in thickness. The concentration gradient of impurities

at the junction would be about 4 x 1019 cm–~. The built-

in potential for such a junction has been measured to

be 0.4 v, hence, applying equations derived by Shockley,s

the width of the space-charge region of the p-n junction

at zero bias is 10–~ cm (0.04 roil). The width of the space-

charge region can increase by a factor near ten since

capacity may decrease by this factor on application of

peak reverse bias. Thus ~ of the epitaxial layer has been

converted to space-charge region and the residual re-

sistance in the neutral layer would be reduced to ~ of its

original value. Such an order of variation in resistance

with bias is readily observed by means of measurements

made by the resonant method.

The impedance of high-Q low breakdown voltage

varactors measured by the SPM normalized for a match

at zero bias wilI follow the Unit Circie on a Smith

Chart. ~ Such is not the case for I.00-v HIVEV where

the plot of phase and VSWR due t.o bias yields a curve

with significant deviations from the Unit Circle.

Finally, the series resistance of HIVEV, when meas-

ured at separate bias points with a single point meas-

urement, will vary by a factor as large as three to one.

Consequently the cutoff frequency as a function of

bias varies by more than the variation due to capacity

alone. Typical data for these measurements is shown in

Table II. It is apparent that rating of HIVIEV by a cut-

off frequency at high reverse voltage is misleading since

the value of this quantity at or near zero bias may be

reduced by a factor the order of thirty to one. It would

a W. Shockley, “The theory of p-n junctions in semiconductors
and p-n junction transistors, ” BeLl .Sys. Tech. J., vol. 28, p. 435;
July, 1949.
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Fig. S—Average per cent reflected power vs dc bias voltage.

TABLE II

SERIES RESISTANCE OF HIVEV AT VARYENGJ31As
VOLTAGE MEASURED m’ SPM

Diode
No.

SD-11-C9
SD-11-D9
SD-11-E9
SD-11-G9
SD-11-J9

Capacitance
@ z~jfjbias

0.761
0.848
1.832
3.900
8.518

R., Series Resistance (ohms)*

o–1 v 5-1o v

4.9
12.8 ;::

7.9 4.1
4.4 2.1
5.9 2.3

,

.—
15-30 v A (%)

— .—
!?2

::! 47
2.4 31
1.8 41
1.1 21

—— .—

* 100-v HIVEV. 5–10 v indicates varactor matched at 5v re-
verse bias and R, measured with reactance change due to increase
in bias to 10 v.

seem desirable to quote cutoff frequency at both zero

bias and breakdown voltage. A suitable measure of

quality is also obtained from X which is an average of

the varactor’s ability to reflect microwave energy when

its bias voltage is swept over a broad range,,

R is presently submitted as an improved figure of

merit for H IVEV. It is a property which can be meas-

ured and used as a simple index for correlation with

performance in each circuit application. We have nleas-

ured 1? for 1OO-V HIVEV by using a 30-v peak-to- peak

sine wave applied relative to a 15-v dc bias. The effect

of the amplitude of the sine wave on reflected energy,

with dc bias at one half the peak-to-peak value, is

shown in Fig. 4. The per cent reflected power does not

have an appreciable increase after the bias voltage has

been increased to 15 v, consequently this value has been

chosen to be a suitable reference bias. Table I I I gives

the typical range observed for R with varactors having

6.5-, 15- and 1OO-V breakdown using VE of 2.00-, 5.00-

and 15.00-v for standard bias. Table II 1 illustrates the

choice of conditions which may be used to compare

varactors within a class. The SVM will not overrate a

varactor which may have a high cutoff frequency under
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TABLE III

TYPICAL RANGEOFAVERAGEPER CENT REFLECTEDPOWER,
~, BY SVM ANDVARACTORBREAKDOWNVOLTAGE

Range of
Zero Bias

Capacitance
(lwf)

0.3-2.0
0.5-5
0.3-5

5-1o
10-15

Breakdown
Voltage
(volts)

100
100

Bias Voltage,
Vi+*

(volts)

2.00
5.00

15.0
15.0
15.0

($)
25-60
25–60
30-45
20-30
10-20

* Sweep Voltage—sine wave at 100 kc, peak-to-peak voltage
2VB.

moderate reverse voltage but has either a weak capac-

ity-voltage variation or high series resistance near zero

bias. Comparison of varactors is accomplished by a

process of averaging reflected power over a broad range

of bias, hence any defects in a particular region will

become evident in the averaging process.

III. SUMMARY

The present paper has described an extension of

Houlding’s Resonant-Cavity Method for the measure-

ment of the quality of microwave varactors. The

Houlding method uses a discrete step in bias to produce

a measurable reflected wave whereas the present method

uses a swept bias. The method emphasizes the measure-

ment of reflected power as a fundamental variable re-

lated to varactor quality. A bench setup for application

of the SVM at X band was described. A method for

measuring the cutoff frequency of high-Q low break-

down voltage varactors for Parametric Amplifiers was

given for the case where the law of capacity vs voltage

is known. In this case, it is not necessary to measure

capacity or reactance to determine j. since this quantity

is determined by a single measurement of average re-

flected power ~. This type of measurement was com-

pared with the original method in the case of high-Q

silicon mesa varactors and there is satisfactory agree-

ment between the two methods.

The measurement of the quality of high-voltage epi-

taxial varactors is effected by space-charge layer widen-

ing in the epitaxial layer. This effect causes the series

resistance external to the ~-n junction to be dependent

on bias voltage, as demonstrated by calculation and

experimental data. A single point measurement of cutoff

frequency at large reverse bias may therefore overrate a

November

TABLE IV

POWERLEVEL MEASUREMENTS,SVM AND SPM

Incident Power
(PWat 9630 Mc)

5;
100
500
600
700

1000
2000
3000

VSWR*
SPIM

6.4
6.4
6.3
6.1
6.3

10.5
12.8

Svii%)

34
34
34

::
36

:;
53

* 6.5-v varactor matched at zero bias—1-v reverse bias for re-
flection.

+ 2.00-v bias—4.00-v peak-to-peak sine wave, 100 kc,

varactor whose capacity variation is inadequate or

whose series resistance near zero bias is excessive. The

Sweep-Voltage Method, on the other hand, has the ad-

vantage of basing its measurement on the ability of the

varactor to reflect microwave power when its bias is

swept over a broad range of values. The SVM thereby

provides a reliable method for comparison of high-volt-

age epitaxial varactors, HIVEV, in addition to a con-

venient method for measuring high-Q varactors.

APPENDIX

Houlding states that the power level for testing varac-

tors should be less than 10–5 w. 1 Experience has shown

in our laboratory that a considerably higher level of

power may be applied to the varactor without effecting

the measurement. In order to study the effect of power

level on the measured VSWR, a series of measurements

were made with varying power level and retuning at

zero bias. It was possible to tune the varactor to VSWR

of 1.07 or less for power in the range 5 LLW to 3 mw. The

data in Table IV show measured VSWR vs power

level for a typical varactor. There was no significant

change in VSWR until the power level was between

600–700 VW. Table IV shows additional data for aver-

age per cent reflected power vs power incident on the

varactor. In light of these results, 200 PW was chosen as

a suitable level for application of the SVM.

ACKNOWLEDGMENT

The varactors used in these studies were developed

and produced by the author in conjunction with R.

Burchart and C. E. Hail. The measurements were made

by D. McArthur.



1962 IRE TRANSAC’t’IONS ON MICROWAVE THEORY AND TECHNIQUES 573

Excitation of Surface Waves on a Perfectly Conducting

Screen Covered with Anisotropic Plasma*

~.R. SESHADRI~, SENIOR MEMBER> IRE

Summar~—The field due to a line source of magnetic current
situate d in a lossless plasma region above a perfectly conducting
screen is considered when a uniform static magnetic field is im-
pressed throughout the plasma region parallel to the d~rection of the
line source. It is shown that under certain conditions surface waves
are excited on the screen. The dependence of the efficiency of exci-
tation of surface waves on the dk.tance d of the line source from the
ground screen is examined. Also, the asymptotic series for the radia-
tion field is derived, and its leading term is shown to vanish for a
particular value of d. Under these conditions a strong surface-wave
field is maintained near the guiding surface.

INTRODUCTION

I

N A RECENT PAPER,l surface waves were shown

to exist on a screen which is assumed to be per-

fectly conducting in a given direction and com-

pletely insulating in the perpendicular direction. In

this paper, similar surface waves are shown to exist

even when the screen is perfectly conducting provided

the medium is anisotropic. Specifically, when a line

source of magnetic current is situated in a Iossless

plasma above a perfectly conducting screen and a uni-

form static magnetic field is impressed throughout the

plasma parallel to the line source, surface waves can

exist on the screen. The surface waves are generated

only when the plasma is anisotropic and when the oper-

ating frequency exceeds the plasma frequency. In addi-

tion, for a particular ratio of the operating to the

plasma frequency, the static magnetic field must be less

than a critical value. The efficiency of excitation of sur-

face waves is evaluated and its dependence on the dis-

tance d of the line source from the ground screen is

examined for one set of values of plasma and gyromag-

netic frequencies. Further, it is shown that by a proper

choice of d, it is possible to nullify the leading term in

the asymptotic series for the radiation field and thereby

obtain a surface wave field which is much stronger than

the radiation field near the guiding surface. Similar

results have been obtained for the case of surface waves

excited by a line source of magnetic current on a di-

electric-coated conducting screen. z
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EXCITATION OF SURFACE WAVES

Consider a perfectly conducting screen of infinite ex-

tent located in the x-y plane, where x, y, and z form a

right-handed coordinate system. The half space z >0 is

filled with a uniform plasma. In this investigation, c,nly

a primitive model is assumed for the ph~sma; that is,

1) the plasma as a whole is considered to be at rest,

2) the pressure gradient in the equation of motion is

neglected in comparison with the effect of the alternat-

ing electric field, 3) the plasma is assumed to be [oss-

less, and 4) the oscillations of the ions are neglected in

comparison with those of the electrons.

A line source of magnetic current is located in the

plasma at x = O, z = d; it is parallel to the y axis and may

be represented as

Jm = j8(Z)8(Z – d). (1)

A uniform magnetic field l?O is impressed in the y direc-

tion throughout the pIasma. See Fig. 1. It is desired to

examine the electromagnetic field set up by the line

source inside the plasma.

I

I

PLASMA REGION I NO SURFACE /
tz=d WAVE

SURFACE \NAVE

0
/’ (x=d~, )

PERFECTLY /’
CONDUCTING :,
SCREEN

,,
I /’, ,-
wz :-d

Fig. l—Geometry of the problem.

As a consequence of the primitive model assumed for

the plasma, it is found that in the plasma region (z> O),

after the usual linearization, the electric and magnetic

fields satisfy the time-harmonic Maxwell’s equaticms

VXE=iUpOH– J. (24

VXH= –i(.Moe. E (2b)

where NO and e. are the permeability and dielectric con-

stant pertaining to vacuum. A harmonic time depend-

ence e–~~~ is assumed for all the field components. The

components of the relative dyadic dielectric constant
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c are given by the following matrix

where

“= 1-(3’[’-(3-’

‘2=(3’[:-31
and

()UP
2

63=1——.
@

(4)

The plasma frequency COPand the gyromagnetic fre-

quency WCof the electrons are given by

eBo 2

(JC= —--,
~P

2_ne (5)
m ma

where e is the charge of an electron, m is the mass of

an electron, n is the electron density, and B O is the

applied static magnetic field.

The source and the geometry of the problem are in-

dependent of the y coordinate and therefore, all the

field quantities are invariant with respect to the y co-

ordinate. With d/dy = O in (2), the electromagnetic field

is separable into E and H modes which are excited,

respectively, by line sources of magnetic and electric

current. Since only a line source of magnetic current is

present, the H mode is not present; and hence,

E. =Hz =H. = O. Only a single component of the mag-

netic field, namely, HU, is present. It is easily shown

with the help of (2b) that the remaining components of

the electric field are given by

where

~ = ~1~ — ~29. (7)

With the help of (2a) and (6) it follows that H.(x, z)

satisfies the following source-dependent wave equation:

where

(9)

In (9), k. is the wave number corresponding to vacuum.

It is assumed in what follows that e >0. This require-

ment imposes certain restrictions on the range of values

of wP/w and u./co.

The geometry of the problem suggests the following

representations for the field components:

.x

H.(X, z) = ~ s 77v(~,z) eir”d~
27r -w

(lOa)

and

It follows from (6), (8) and (10) that

and

[3 1
+ i’ Rv(r, z) = – = 8(2 – d) (12)

~1

where

E=+tik’ -r’ k>~

.$=+i~~t_kZ k<~. (13)

The solution of (12) gives

{

Aei$s + &-i$. d<z
77.((-,z) =

(j’eit. + De–if. d>z
(14)

and

The radiation condition requires HV(X, z) to be an out-

going wave for z-+ w ; hence B = O. Since the tangential

component of the electric field is zero for z = O, it fol-

lows from (ha) and (14) that

The requirement that the tangential component of the

magnetic field should be continuous at z = d gives

Aeitd = ceiW + De-iW. (17)

The use of the jump condition (15) in (14) leads to



1962 Seshadri: Excitation of Surface Waves 575

The expressions for A, C and D may be obtained from

the solution of the simultaneous equations (16), (17)

and (18). The results are:

B=O,

(19)

The substitution of (14) (lOa) and the use of (16) and

(19) yields

.~Kz+if2~f for z > d. (20a)

“rhe contour for the integrals in (20a) and (20b) is

along the real axis in the ~ plane as shown in Fig. 2. The

integrand in (20a) and (20b) has a pole at

[
I

!
I
I

Fig. 2—Contour of integration in the ~ plane

This pole is either on the real or the imaginary axis,

depending upon whether cl is positive or negative. Since

the aim of this paper is to examine the characteristics of

the surface wave that is excited on the ground screen,

on] y positive values of el are considered. This leads to

the following restrictions:

l) fi <landLIJ
‘4-[,-(;)]’2<;<[, _(:)]”.

For O <q <1, the pole of the integrand is on the real

axis and the contour of integration is inderited above

the singularity — k and below the singularities at k and

k~l/ ~;. For x> O, the integrals may be eV~l] uated by

closing the contour in the upper half of the j’ plane as

shown in Fig. 2. The contribution to the integrals in

(20a) and (20b) is the sum of the residue at the pole

{= &/v’S and a branch-cut integral.

The value of the branch-cut integral depends on some

inverse power of x. Hence, for sufficiently large x, the

value is negligible compared to the contribution due to

the pole. Thus, for positive large x,

It is obvious that Hy(x, z) given in (21) represents a sur-

face wave propagating in the positive x direction and

exponentially attenuated in the z direction. The phase

velocity VP of the wave is given by

(22)

where co and c are, respectively, the velocity of prc~pa-

gation of electro-magnetic waves in vacuum and in an

unbounded anisotropic plasma. Since Cl< 1, the phase

velocity of the surface wave is greater than the velocity

of electromagnetic waves in vacuum and less than that

in the unbounded anisotropic plasma. When the static

magnetic field is reversed in direction, 62 changes sign

and the pole of the integrand in (20a) and (20b) occurs

now at ~ = — kel/ ~~ = — ko~z. Hence, the surface wave

reverses direction and propagates in the negative x

direction, instead of in the positive x direction as de-

scribed in (21). When there is no static magnetic field,

C2 vanishes and from (20a) and (20b) it is clear that, in

this case, there is no surface wave. This means that be-

sides other restrictions the plasma must be anisotropic

if surface waves are to exist on the ground screen.

The substitution of (21) in (6) gives the other field

components of the surface wave as follows:

E.(at, z) = o

Therefore, the surface wave is a TEM wave with respect

to the direction of propagation.

In the integral representation (20a) and (20b) for

II.(x, z), the first term corresponds to the incident

field due to the line source and the second term corre-

sponds to the field of the line source reflected from~ the
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ground screen. The asymptotic form of the reflected

field is obtained by performing a saddle-point evalua-

tion of the integral (20a) and (20 b). For this purpose,

the transformation

f=kcosr ‘ (24)
Contour_
when x=m

is introduced. With it, the expression [(20a) and (20b) ]

for Hv(x, z) becomes

ZZu(x, z) = 17vyx, z) + H.’(X, z)

where
I
II

27.’(%, z) = ;“C ‘; ,“~’ c“’ ‘+1’-’[ ““ ‘loll- (26)
I
I
I
I
I

J

u60e El sin r + ie2 cos r
H,’(cc, z) = ~ —

I

I

27r c 2E1 q sinr – icz cos r I

I
.eik[J 00sr+(z+d) sin ,l~rc (27)

)
1.1

1
r
, \. \

l\
1.
1 \.

~!

[1

i

j

~1
,add,e .--#

contour

q

7r
— ‘I

c

The original contour along the real axis in the ~ plane is Fig. 3—Integration countours in the , plane, & >0.

transformed into the contour C shown in Fig. 3. The

asymptotic form of the reflected field is obtained by a

saddle-point evaluation of the integral in (27). The RADIATION PATTERN

saddIe point which lies in the interval O < rO <r is
In order to obtain the radiation pattern, it is neces-

given by
sary to evaluate the integrals in (26) and (27) asymp-

z+d totically. For this purpose, let
70 = tan–l

\xj “
(28)

X=pcoso; z=psinti. (32)

Setting T =rl+zk~, the equation of the saddle-point con-

tour is easily shown to be given by
With (32), (26) and (27) may be rewritten as

TI = TO T Cos-l (sech Tz) for 7Z ~ O. (29) ~y~(x, Z) = +

s ‘f ~–i~~ sin .eikp cos (0–T)~7 for z > d (33)

The pole of the integrand in (27) is seen to occur at

P :~1 = O, 72= cosh–l(cl/~~). For ~ = O, TO=7r/2 and for and

this case, the contour C can be deformed into the

saddle-point contour without crossing the pole. On the

s
OJCIICElSinT+‘&COSTH.”(X,z) = : —

other hand, for x = w ro = O, and the original contour C 2CI c1 sinr — iq cos T
crosses the Dole P, and the residue of the internal at this

pole must ~e added to the contribution from-the saddle

point. The saddle contour corresponding to the saddle

point

E
TO(P)= Cos–1 —

l.G-
(30)

is seen to pass through the pole P. If To< TO(P), the pole

is crossed and the surface wave occurs; if To> TO(P),

there is no surface wave. Thus the region of physical

space where the surface wave is present is obtained

from (28), (30) and (7):

The region of the physical space where the surface wave

is present is shown in Fig. 1. If the impressed static field

is zero, 62= O. From (31) and Fig. 1, it is seen then that

there is no region where the surface wave exists.

For kp>>l, (33) and (34) are

totically with the result that

H.(X, z’) = If,yx, z) + Hv”(.v, z)

easily evaluated asymp- :

“[ el sin @+ & cos O
g–kd sin R + e,kd sin O

1
. (35)

61sin @— icz cos 0

With (6) and (32), it may easily be shown that for

kp>> 1,

The outward power flow, per unit area, per unit length

of the screen at an angle O is obtained from (35) and
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(a) (b)

Fig, 4—Radiationp atterna P/~=0.5, oJco=O.

10

0’?

m

kOd~O

F(8)

08 –

07

05

04

03

02

01

(b)

Fig. 5–-Radiation pattern ap/u=0.5, u,/a=O.25.

(36) to be

S = ~ReB.E(p,O) XH*(p,6’) = ~ ] H,(p, /3) 1’
2WQW

—— = F(o)
87relp

(37)

where

F(0) ~ ~~ sin 0 cos (M sin 0) – ,2 cos 0 sin (h! sin O)]z

[e sin’ O + c,”]
. (38)

F(6) given in (38) is defined to be the radiation pattern.

In Figs. 4 and 5, the radiation pattern F(O) is plotted

for two different sets of values of wP/u and tiC/co. In

each figure, kOd is used as a parameter. ‘The patterns

are symmetrical about O= n-/2, when uc/w = O. When

ti./ti # O, the plasma is anisotropic and the patterns are

no longer symmetrical about O = ,r/2. A reversal in the

direction of the magnetic field changes the sign of ez

and hence causes the radiation pattern to be rotated

through 180° about the z axis.

EFFICIENCY OF EXCITATION

The efficiency of excitation of surface waves is de-

fined to be the ratio of the power propagated as a. sur-

face wave per unit width of the screen tc, the sum of the

powers in the surface wave and the radiation fields.

The power per unit width of the screen ,P~ delivered by

the magnetic current line source to the radiation field

is easily seen to be given by

J
T

J

T

$’R = SpdO = ~ F(0)dO.
87re] o

(39)
o

The power in the surface wave per unit width of the

screen is obtainecl from the relation

s
‘1

PLY = 20 ~ Re E’(x, z) X H* (z, ,z)dz, (40)
o

where H(x, z) and E(.x, z) are given, respectively, in

(21) and (23). The substitution of E(x, z) and l~~(x, z)
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from (23) and (21) in (40) gives

P&! = *@,*\,, ]c?-zkd(lc,,,ti~

ON MICROWAVE THEORY AND TECHNIQUES November

residue at the pole ~ = k~l/~; gives the surface-wave

(41)
field and this has been evaluated before. It is now de-

sired to obtain the contribution from the branch-cut

The efficiency of excitation obtained from (39) and

(41) is

—— (42)

s

r~–zkod(l<2[ W:)
+’ F(0)dO

27W1 I ~zI o

When kod = O, j~F(tV dO can easily be. evaluated and an

explicit expression obtained for q. From (38), for kod = O,

it is seen that

C12sin2 9
F(O) =

[c sin’ O + Q’] “

It is readily shown that for F(O) given in (43)

(43)

(44)

The substitution of (44) in (42) yields the following

result for kod = O:

(45)

From (45) and (4), it is obvious that for kod = O, the

efficiency of excitation q increases as cuC/a increases.

For other values of kod, the value of

s ‘F(0)dO
o

has to be obtained by numerical integration and the

value of q is then determined from (42). For one set of

values of wP/w and w./u, the values of v are given in

Table I for different values of kid. It is found that the

TABLE I

VALUES OFv FOR Up/W= 0.5 AND UJU = 0.25

k,d o 1 2 3 4 5

7 0.17 0.17 0.25 0.31 0.23 0.13

maximum value of ~ does not occur when d = O, but at

some other value of d. Hence, it follows that by a suit-

able adjustment of the distance of the line source from

the ground screen, the power delivered to the radiation

field may be minimized and a maximum value obtained

for the efficiency of excitation.

APPROXIMATE EVALUATION OF H.(x, z)

The integral representation of Hu(x, z) given in

(20a) and “(20b) shows that the contribution to Hu(x,z)

arises from a pole and a branch-cut integral. The

integral. This contribution can be obtained as a series

in inverse powers of x by expanding the integrand in a

Taylor series and integrating term by term. The result

of a straightforward calculation gives

kweoe

[

F,(z, d)
Hu(at, z) = — ~i(&z–7rJ4)

&e, 1
3F2(Z’ ‘) (46)

(kx)3f2 – 8(kx)5/2

where

F,(z, d)=z+d–~dzk–~ (47)
cl

and

‘Z(zd)‘H3-w+[8(9’-31(z+d)

— ‘kdz–4k ~(d+z)2–:(d+ Z)z
cl ~2
4 62

——— k’dz(d’ + Z’).
3 cl

(48)

The conditions for validity of the asymptotic series in

(46) are

s>>d+z; kx>>~. e22 (49)

Observe that (20a) and (20b) and the condition equa-

tion (49) are symmetrical in z and d. It follows that (46)

is valid for z > d or z <d.

The asymptotic series in (46) represents the radia-

tion field. If the height d of the line source from the

ground screen is such that d = d~ = el/ezk, then it foI-

10WS that Fl(z, d~) = O and

3kucoe ~i (kx–u /4)

~.(~, z) = – ~ti~ Fz(z> R’.) (kX),/, ‘ ’50)

where

[ 3 (Jl[+(:)-z]e“1)F,(z, dJ=4 l–~ S

If the line source is at a distance dn from the ground

screen, the first term in the asymptotic expansion of

the radiation field vanishes and the radiation field near

the ground screen becomes very weak. An almost pure

surface wave may be said to be generated in this special

case. This situation is similar to that observed by Cul-

Ien in his treatment of the excitation of surface waves

on a reactive surface.
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